Abstract. We study finite capable p-groups G of nilpotency class 2 such that the commutator subgroup γ 2 (G) of G is cyclic and the center of G is contained in the Frattini subgroup of G.
Introduction
A group G is said to be capable if there exists some group H such that G ∼ = H/ Z(H), where Z(H) denotes the center of H. It is really very interesting (as explained in many papers on the topic) to know the structure of capable group. Mathematicians have studied two aspects of capable groups. The first one is to give an upper bound on the index of Z(G) in a capable group G in the form of some function of the order of γ 2 (G), where γ 2 (G) denotes the commutator subgroup of G. Recently this was studied in [7] and in [12, 13] . For the related old results, please see the references of [13] . The second aspect of the problem is to find the structure of a capable group. This was studied in [2] , [3] , [5] , [6] , [9] and [11] . A classification of 2-generated finite capable p-groups of nilpotency class 2 was given by M. R. Bacon and L. C. Kappe in [1] for an odd prime p, and by A. Magidin (using classification of 2-generated finite 2-groups of nilpotency class 2 from [8] ) in [10] for p = 2.
Notice that the commutator subgroup of a finite 2-generated p-groups of class 2 is always cyclic. But a finite p-groups of class 2 with cyclic commutator subgroup may not be 2-generated as shown by extra-special p-groups. So it is interesting (at least for me) to study finite capable p-groups of class 2 with cyclic commutator subgroups. In this short note we study a part of this problem. Our first result is the following: Theorem A. Let G be finite capable p-groups of nilpotency class 2 with cyclic commutator subgroup γ 2 (G). Then G/ Z(G) is generated by 2 elements and
We would like to remark that Theorem A can be deduced from a very general theorem of Isaacs' [7, Theorem C] . But the proof of Isaacs' theorem makes use of three pages of rigorous mathematics. Our proof presented in this note is very short as well as simple.
Our 
Proofs
The following concept of isoclinism was introduced by P. Hall in [4] . Two groups G and H are said to be isoclinic if there exist isomorphisms φ :
Notice that isoclinism is an equivalence relation among groups.
By using the concept of isoclinism of groups and a result of P. Hall [4] , we prove the following lemma:
Proof. Since G is capable, there exists some group H 1 such that G ∼ = H 1 / Z(H 1 ). Consider the isoclinism family of H 1 . Then it follows from an important result of P. Hall [4] that this family has a group H (say) such that Z(H) ≤ γ 2 (H). Since H 1 and H are isoclinic, we have 
In particular, for a finite p-group, we have the following result. Proof. Since G is a finite capable p-group, it follows from Corollary 2.2 that there is a finite nilpotent group H such that
, we have K ≤ P . Thus K must be trivial. This proves that H is a p-group and the proof of the lemma is complete.
We need the following lemma, which is also of an independent interest, for the proof of Theorem A.
Lemma 2.4. Let G be a finite p-group of class
Proof. Let {x 1 , x 2 , · · · , x d } be a minimal generating set for G. Since γ 2 (G) Z(G)/ Z(G) is cyclic, we can assume without loss of generality that [
αj modulo Z(G) for some integer α j , where
, where 3 ≤ j ≤ d. Notice that the set {x 1 , x 2 , y 3 , · · · , y d } also generates G. Thus it follows that [x i , y j ] ∈ Z(G) for all 1 ≤ i ≤ 2 and 3 ≤ j ≤ d. Also [y j , x i ] ∈ Z(G) for the same values of i and j. Therefore by Hall-Witt identity
is generated by x 1 Z 2 (G) and x 2 Z 2 (G), which completes the proof of the lemma. Now we prove Theorem A. Proof of Theorem A. Since G is a finite capable p-group of class 2 such that γ 2 (G) is cyclic, there exists a p-group H of nilpotency class 3 such that G ∼ = H/ Z(H), Z(H) ≤ γ 2 (H) and γ 2 (H)/ Z(H) is cyclic. It now follows from Lemma 2.4 that H/ Z 2 (H) is generated by 2 elements. This, in turn, implies that G/Z(G) is generated by 2 elements. Since the nilpotency class of G is 2, G/ Z(G) and γ 2 (G) have the same exponent p e (say) and cyclic decomposition of G/ Z(G) has at least two cyclic factors of order p e . Since G/ Z(G) is generated by 2 elements, any cyclic decomposition of G/ Z(G) has two cyclic factors, each of order p e . Thus |G/ Z(G)| = p 2e = |γ 2 (G)| 2 . This completes the proof of the theorem. Corollary 2.6. Let G be a finite capable p-group of class 2 such that Z(G) ≤ Φ(G). Then γ 2 (G) is cyclic if, and only if G is a 2-generated group.
Proof. Since γ 2 (G) is cyclic for every 2-generated finite p-group G of class 2, we only need to prove the if part of the corollary to complete the proof. Let γ 2 (G) be cyclic. Since G is finite capable p-group of class 2, it follows from Theorem A that G/ Z(G) is 2-generated. Now using the hypothesis Z(G) ≤ Φ(G), one can immediately see that G/Φ(G) is 2-generated. This proves that G is 2-generated.
We need the following two theorems for the proof of Theorem B. 
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